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Abstrat. We prove that the spetrum of the regularized M5-brane in D =
11 target spae is disrete with eigenvalues extending to ∞. The proof inludes
the same result for the spetra of regularized bosoni p-branes in general.
1. Introdution
The understanding of the spetral properties of the supermembrane and super
M5-brane in 11 dimensions are important steps towards the non-perturbative anal-
ysis of M-theory. The SU(N) regularized Hamiltonian of the supermembrane on
a D = 11 Minkowski target spae has a ontinuous spetrum [1℄, see also [2℄, [3℄,
[4℄, [5℄. The supermembrane on a D = 11 target spae with a ompat setor is
expeted to have also a ontinuous spetrum [6℄. But , the D = 11 supermembrane
wrapped in an irreduible way on a ompat setor of the target spae, i.e., with
a topologial ondition on onguration spae yielding a non trivial entral harge
has a disrete spetrum and its ground state has a stritly positive energy [7℄, [8℄,
[9℄, [10℄, [11℄, [12℄.
In all ases the bosoni Hamiltonian has a disrete spetrum. However, they are
qualitatively dierent in a ruial way. In the latter ase, the entral harge generate
mass terms implying that the potential on onguration spae tends to innity
when it approahes innity in this spae. Moreover, this qualitative property of the
spetrum remains unhanged in the supersymmetri theory with non trivial entral
harges. In the former ase [1℄, the potential presents zero point valleys extending
to innity on onguration spae. In this ase the membrane admits as physial
ongurations stringy spikes that make the supermembrane spetrum ontinuous,
despite the fat that its bosoni part on its own would not produe a ontinuous
spetrum. Although the bosoni potential is zero on the minima of the valleys, the
walls of the valleys get loser as they approah innity in a way that the quantum
mehanial wave funtion annot esape to innity. The preise mathematial
meaning of this property was explained in [13℄. It is formulated in terms of the
integral of the potential on a xed sized ell, dened in the sense of Molhanov
and Maz'ya and Shubin [14℄, [15℄, when the enter of the ell approahes innity
on onguration spae. The potential integral of the ell in the diretions of zero
potential is bounded below by the potential of an harmoni osillator ensuring that
the integral goes to innity when the ell is moved to innity in those diretions.
This bound from below is lost one the fermioni part of the potential is added,
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as a onsequene the supermembrane spetrum beomes ontinuous. All the above
results refer to regularized Hamiltonians. More reently, it has been shown [10℄,
[16℄ that the exat bosoni Hamiltonian for the ase of the supermembrane with
non trivial harges, has a disrete spetrum. This was ahieved with a preise
denition of the onguration spae in terms of Sobolev spaes. It was also proven
that the spetrum of the SU(N) regularized model of the semilassial Hamiltonian
onverges to the spetrum of the exat Hamiltonian when N tends to innity.
In the ase of the M5-brane no results have been reported onerning its spe-
trum. In [17℄ a semilassial analysis of the spetrum of the M5-brane was per-
formed. The M5-brane ovariant ation was rst obtained in [18℄, [19℄ and a gauge
xed ation version was obtained independently in [20℄. In [21℄ a formulation was
obtained for its Hamiltonian in terms of rst lass onstraints only. Also, its BRST
struture and the existene of string and membrane spikes were shown. Later, the
Nambu-Poisson struture of the M5-brane was introdued in [22℄. Also, a general
analysis of suh struture for p-branes was analyzed in [23℄. In this paper, following
[22℄, [13℄ we prove that the spetrum of the regularized M5-brane and that one
of any p-brane is disrete. The proof in general applies to many matrix models
assoiated to suh theories. In setion 2, the algebrai struture of the M5-brane
Hamiltonian is presented for ompleteness. In setion 3, we present the SU(N)
regularized version of the M5-brane Hamiltonian exploiting the Nambu-Poisson
struture underlying it. In setion 4, using appropriate theorems of spetral analy-
sis, we show that generally p-branes matrix models present disrete spetra. With
this result at hand, the disreteness of the spetrum of the regularized bosoni
M5-brane Hamiltonian follows easily. In setion 5, we present onlusions.
2. The Algebrai Struture of M5-Brane Hamiltonian
We start realling the bosoni M5-Brane Hamiltonian on a D = 11 Minkowski
target spae in the light one gauge obtained in [21℄,
(1) H = 1
2
ΠMΠM + 2g + l
µν lµν +Θ5iΩ
5i +ΘjΩ
j + ΛαβΩαβ
where
(2) lµν =
1
2
(Pµν + ⋆Hµν)
and
⋆H
µν =
1
6
ǫµνγδλHγδλ(3)
Hγδλ = ∂ρBλσ + ∂σBρλ + ∂λBσρ(4)
Θ5i, Θj , Λ
αβ
are the Lagrange multipliers assoiated to remaining onstraints
Ω5i = P 5i − ⋆H5i = 0(5)
Ωj = ∂µP
µj = 0, i = 1, 2, 3, 4(6)
(7) Ω[αβ] = ∂[β
[
1√
W
(ΠM∂α]X
M +
1
4
Vα])
]
= 0
where
(8) Vµ = ǫµαβγδl
αβlγδ
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ΠM and Pµν are the anonial onjugate momenta to XM and Bµν respetively,
g is the determinant of the indued metri. Equations (5) and (6) are the rst lass
onstraints generating the loal gauge symmetry assoiated to the antisymmetri
eld while (7) is the rst lass onstraint generating volume preserving dieomor-
phisms. XM are the light one gauge transverse oordinates on the target spae.
W is a salar density introdued in the gauge xing proedure. It represents the
determinant of an intrinsi metri over the spatial world volume of the brane. In our
notation aps Latin letters are transverse light one gauge indies M,N = 1, . . . , 9,
Greek ones are spatial world volume indies, and small Latin letters denote spatial
world volume indies on a 4-dimensional spatial submanifold.
The elimination of seond lass onstraints from the formulation in [18℄, [19℄
and [20℄ to produe a anonial Hamiltonian with only rst lass onstraints, was
ahieved at the prie of loosing the manifest 5 dimensional spatial ovariane. In
this way, the spatial world volume splits into M5 = M4 × M1. We will exploit
that deomposition in our analysis of the Hamiltonian. We will assume M4 has a
sympleti struture with ω0 being its assoiated non degenerate losed 2-form. It
is assumed that M4 and M1 are ompat manifolds.
Let us analyze the Hamiltonian density term by term. We rst notie that g,
the determinant of the indued metri, may be re-expressed in a straightforward
manner as a squared ve entries braket, a Nambu-Poisson braket,
g =
1
5!
ǫν1,...,ν5ǫµ1,...,µ5gµ1ν1 . . . gµ5ν5
=
1
5!
{XM , XN , XP , XQ, XR}2.(9)
Let us onsider now the third term dependent on the antisymmetri eld Bµν .
It is invariant under the ation of the rst lass onstraints (5) and (6). To elimi-
nate part of these onstraints, we proeed to make a partial gauge xing on Bµν ,
following [21℄ we take
(10) B5i = 0
whih, together with the onstraint (6) allow us a anonial redution of the Hamil-
tonian (1). Notie that the ontribution of this partial gauge xing to the funtional
measure is 1. We are then left with the onstraint
(11) ∂jP
ij + ∂5
⋆H
5i = 0 i, j = 1, 2, 3, 4
whih generates the gauge symmetry on the 2-form B
(12) δBij = ∂iΛj − ∂jΛi
B as a 2-form overM4 may be deomposed using the Hodge deomposition theorem
into an exat form plus a o-exat form plus an harmoni form. Its exat part is
anonially onjugate to the o-exat part of P ij , that is, alling ∂ib˙j the exat part
of Bij we have
(13) 〈P ij∂ib˙j〉 = 〈−∂iP ij b˙j〉
then an admissible gauge xing is to set bj = 0 to eliminate the exat form and the
∂iP
ij
from the onstraints.
We are then left with the o-exat part of B. It is diretly related to l5i
(14) l5i = ǫijkl∂jBkl.
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Notiing that l5i is divergeneless, it may always be rewritten without loosing
generality as
(15) l5i = ǫ5ijkl∂jφ[a∂kφb∂lφc], a, b, c = 1, 2, 3.
This deomposition in terms of salars is always valid loally for any four dimen-
sional divergeneless smooth vetorial density. φa, a = 1, 2, 3 represent the three
degrees of freedom of the o-exat part of Bij .
Now we deompose the tensor density lij into
(16) lij = ǫjiαβγ∂αφ[a∂βφb∂γφc] + ǫ
jiklωkl
where ω is a losed 2-form.
It is now possible, following the Darboux's theorem, to express ωkl in terms
of the anonial 2-form ω0 over M4. In fat the area preserving dieomorphisms
homotopi to the identity are generated by Ωαβ with innitesimal parameter ξ
αβ
or equivalently generated by
(17) Ωα =
(
ΠM∂αX
M +
1
4
Vα
)
with innitesimal parameter ξα given by
(18) ξα =
1√
W
∂β(
√
Wξαβ)
satisfying identially
(19) ∂α(
√
Wξα) = 0.
This volume preserving restrition leaves the four spatial parameters ξα assoi-
ated to M4 unonstrained. So, we are allowed to use the Darboux proedure to x
ω to ω0. We should be left still with one free parameter sine the loal degrees of
freedom of ω are only three. Indeed, that is the ase sine the orresponding gauge
xing proedure allows to eliminate l5i from the onstraints in the following way,
From (7) we have
(20)
1√
W
(
ΠM∂αX
M +
1
4
Vα
)
= ∂αU
where U is an auxiliary eld. We notie in Vα, the produt of the φ dependent
terms is zero. In partiular,
(21) Vi = −4l5jω0ij
it allows to eliminate l5j from the equation for α = i in terms of U , whih is
determined from the equation for α = 5:
(22) l5j = −ǫjiklω0kl∂iU +
ǫjiklω0klΠM∂iX
M
√
W
we are then left with the remaining onstraint
(23) ∂j l
5j = ǫjiklω0kl∂j
(
ΠM∂iX
M
√
W
)
= 0.
The kineti term assoiated to this gauge xing is a total time derivative and,
sine ω0 is time independent, it an be eliminated from the ation. Finally, we are
left with a ompliated lµν lµν term but to prove the disreteness of the spetrum it
will beome irrelevant as we will see in the following setions. The nal gauge xing
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orresponding to the sympletomorphisms preserving ω0 is performed by taking the
Lagrange multiplier of the assoiated rst lass onstraint to be zero, the ghosts
elds deouple from the ation.
3. Regularization of the M5-brane
After xing ω to ω0 we may resolve the volume-preserving onstraint for φa
a = 1, 2, 3, 4. We are then left still with one onstraint,
(24) ǫijklω0kl∂i
(
ΠM∂jX
M
√
W
)
= 0.
The left hand member generates the sympletomorphisms preserving ω0. The
full ve dimensional dieomorphisms have been redued to only that generator.
We are then left with a formulation in terms of XM and its onjugate momenta
ΠM , invariant under sympletomorphisms. The antisymmetri eld Bµν and its
onjugate momenta Pµν have been redued to ω0, there is no loal dynamis related
to them. All the dynamis may be expressed in terms of (XM ,ΠM ).
In order to obtain a regularization of the Hamiltonian, we express XM (τ, σ) and
ΠM in terms of a omplete orthonormal basis over M4 ×M1, {Ya(σ1, σ2, σ3, σ4)},
in the Hilbert spae of L2 funtions forM4 and a Fourier basis for theM1 manifold.
XM (τ, σ) = XaM (τ)Ya(σ) a = 1, 2, . . . ,∞(25)
ΠM (τ, σ) =
√
WΠaM (τ)Ya(σ).(26)
Sine for every pair a, b
(27)
ǫijklω0kl√
W
∂iYa∂jYb
is a salar funtion over M4, we may reexpress it in terms of the basis, and obtain
the sympleti braket
(28) {Ya, Yb} = ǫ
ijklω0kl√
W
∂iYa∂jYb = fabcYc
where fabc is given by
(29)
∫
M4
ǫijklω0kl√
W
∂iYa∂jYbYc = fabc
and satisfy the Jaobi identity. These are the struture onstants of the symple-
tomorphisms preserving ω0. Furthermore, we may introdue
(30) YaYb = CabdYd
it is again valid sine YaYb is also a salar funtion over M4. We get
(31)
∫
M4
YaYbYd = Cabd
whih beomes totally symmetri in a, b, d. The other natural braket in the for-
malism [22℄ is the Nambu one,
(32) {A,B,C,D,E} = 1√
W
ǫαβγδρ∂αA∂βB∂γC∂δD∂ρE
in partiular the salar
(33) {Ya, Yb, Yc, Yd, Ye} = fgabcdeYg
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where
(34)
∫
M5
{Ya, Yb, Yc, Yd, Ye}Yg = fabcdeg
is a totally antisymmetri tensor satisfying a generalized Jaobi identity [24℄, [25℄,
[26℄, [27℄. By onstrution we have the following relation for the ompat base
manifold we are onsidering
(35) f
g
abcde =
∑
antisymm(a, b, c, d, e)
inaf
cˆ
bcf
eˆ
deC
h
cˆeˆC
g
ha
where −n2a is an eigenvalue of the Laplaian on M1. The right hand side satises
the generalized Jaobi identity by onstrution.
We now onsider a regularization of the M5-brane Hamiltonian by trunation
of the innite dimensional basis, that is, a = 1, 2 . . . .N . We require in addition
that in the remaining onguration spae there exists brakets to have an intrinsi
denition of the parameters f cab and Cabc entering in the theory. In the largeN limit
the orresponding struture onstants should be the area preserving ones. If so, we
will have in the large N limit a generalized Jaobi identity for f
g
abcde. Meanwhile, it
is not neessary to require a generalized Jaobi identity for the trunated theory. In
the disreteness proof presented here we do not use any algebrai properties of the
brakets. It is valid for any trunation in terms of some onstants f
g
abcde. However,
if we require an intrinsi meaning for the trunated theory, the algebrai struture
should be present. We notie that the Nambu struture onstants f
g
abcde of the
sympletomorphisms satisfy the following properties∫
M5
|{Ya, Yb, Yc, Yd, Ye}|2 = fabcdegfabcdeg > 0
and more generally
(36) Mgh = fgabcdef
abcdeh
is a stritly positive matrix. This is the only assumption we will require on the
trunated theory for the assoiated f
g
abcde.
All the interating terms in the Hamiltonian density may now be rewritten using
XaM (τ), their onjugate momenta and the struture onstants fabc and Cabd. Inte-
grating on the spatial oordinates we arrive to a quantum mehanial Hamiltonian.
For the purpose of analyzing the spetrum of this regularized Hamiltonian, we
will onentrate on the rst interating terms that do not inlude lµν , this proedure
is perfetly justied sine
(37) H = 1
2
ΠMΠM + 2g + l
µν lµν ≥ 1
2
ΠMΠM + 2g = H0
so, in what follows the spetrum of H0 is studied. We will prove that H0 has a
disrete spetrum λn, with λn → ∞ when n→ ∞. The min max theorem assures
the same qualitative spetrum for H as it will be shown in the next setion. The
regularized Hamiltonian density H0 will orrespond to a p = 5-brane.
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4. The spetrum of the quantum mehanial Hamiltonian for
regularized p-brane potentials
Let us onsider the Shrödinger operator
(38) HL = −∆+ VL(X) = −∆+ (Xa1M1 . . . XaLMLf ba1...aL)2
where L is the degree of the brane onsidered,Mi = 1, . . . ,K, ai = 1, . . . , N ,K ≥ L,
N ≥ L, X = XaM ∈ RKN and f ba1...aL is a onstant tensor totally antisymmetri in
a1, . . . , aL and it is not singular, i.e.,
(39) if Xa1M f
b
a1,a2...aL = 0 then X
a1
M = 0.
We introdue
(40) Hl = −∆+ Vl(X) 1 ≤ l ≤ L
where
Vl =
∑
M1 6= M2 6= . . . 6= Ml
1 ≤Mi ≤ K
(Xa1M1 . . .X
al
Ml
f ba1...albl+1...bL)(X
aˆ1
M1
. . .X aˆlMlf
b
aˆ1...aˆlbl+1...bL).
In this setion we prove that Hl, 1 ≤ l ≤ L has a disrete spetrum, but rst let
us reall some mathematial denitions and theorems needed.
The denition of apaity of a ompat set in R
n
is an important ingredient in
the Maz'ya and Shubin generalization of Molhanov's theorem [14℄ on the neessary
and suient onditions for the disreteness of the spetrum of the Shrödinger
operator. For details and the full-general version of the Maz'ya and Shubin theorem
see [15℄.
Denition 1. Let n ≥ 3, F ⊂ Rn be a ompat, and Lipc(Rn) the set of all real-
valued funtions with ompat support satisfying a uniform Lipshitz ondition in
R
n
. The Wiener's apaity of F is dened by
cap(F ) = cap
Rn
(F ) = inf
{∫
Rn
|∇u(x)|2 dx
∣∣∣ u ∈ Lipc(Rn), u|F = 1
}
.
In physial terms the apaity of the set F ⊂ Rn is dened as the eletrostati
energy over R
n
when the eletrostati potential is set to 1 on F .
Denition 2. Let Gd ⊂ Rn be an open and bounded star-shaped set of diameter d,
let γ ∈ (0, 1). The negligibility lass Nγ(Gd;Rn) onsists of all ompat sets F ⊂ Gd
satisfying cap(F ) ≤ γ cap(Gd).
For example we an take Gd to be a n-ube or a ball in Rn. In what follow we
refer to Gd \ F as a ell.
Theorem 1 (Maz'ya and Shubin). Let V ∈ L1
lo
(Rn), V ≥ 0.
Neessity: If the spetrum of −∆+V in L2(Rn) is disrete then for every funtion
γ : (0,+∞)→ (0, 1) and every d > 0
(41) inf
F∈Nγ(Gd;Rn)
∫
Gd\F
V (x) dx→ +∞ as Gd →∞.
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Suieny: Let a funtion d 7→ γ(d) ∈ (0, 1) be dened for d > 0 in a neighbor-
hood of 0 and satisfying
lim sup
d↓0
d−2γ(d) = +∞.
Assume that there exists d0 > 0 suh that (41) holds for every d ∈ (0, d0). Then
the spetrum of −∆+ V in L2(Rn) is disrete.
Remark 2. It follows from the previous theorem that a neessary ondition for the
disreteness of spetrum of −∆+ V is
(42)
∫
Gd
V (x) dx→∞ as Gd →∞.
Let us reall that K. Friedrihs (see [15℄ for further referenes) proved that the
spetrum of the Shrödinger operator −∆+ V in L2(Rn) with a loally integrable
potential V is disrete provided V (x) →∞ as |x| → ∞.
In what follow we will denote the n-dimensional Lebesgue measure by Vol(·).
Lemma 3. For eah given ball Gd = Gd(x0) entered at x0 and radius d > 0.
inf
F∈Nγ(Gd;Rn)
Vol(Gd \ F ) > 0.
Proof. Let V (x) = |x|. Then by Friedrihs theorem the spetrum of −∆ + V is
disrete, so by Theorem 1 we have
inf
F∈Nγ(Gd;Rn)
∫
Gd\F
V (x) dx→∞ as |x0| → ∞.
Now
∫
Gd\F V (x) dx ≤ (|x0|+ d)Vol(Gd \ F ) implies that
inf
F∈Nγ(Gd;Rn)
∫
Gd\F
V (x) dx ≤ (|x0|+ d) inf
F∈Nγ(Gd;Rn)
Vol(Gd \ F )
from whih follows that infF∈Nγ(Gd;Rn)Vol(Gd \ F ) > 0, as we laimed. 
The min-max priniple is useful in the proof of the next proposition, so we state
it for ompleteness.
Theorem 4 (Min-max priniple). Let H be a self-adjoint operator that is bounded
from below, i.e, H ≥ cI for some c. Dene
µn(H) = sup
φ1,φ2...φn−1
UH(φ1, φ2 . . . φn−1)
where
UH(φ1, φ2 . . . φm) = inf(ψ,Hψ) when ‖ψ‖ = 1 and ψ ∈ [φ1, φ2 . . . φm]⊥
[φ1, φ2 . . . φm]
⊥
is shorthand for {ψ|(ψ, φi) = 0, i = 1, 2, . . . ,m}. The φi are not
neessarily independent.
Then, for eah xed n, either:
(a) there are n eigenvalues (ounting degenerate eigenvalues a number of times
equal to there multipliity) below the bottom of the essential spetrum, and µn(H)
is the nth eigenvalue ounting multipliity;
or
(b) µn is the bottom of the essential spetrum, i.e., µn = inf{λ|λ ∈ σess(H)},
and in that ase µn = µn+1 = µn+2 = . . . and there are at most n− 1 eigenvalues
(ounting multipliity) below µn.
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For proof of the min-max theorem and further reading on the subjet see [28℄.
Remark 5. As a onsequene of this theorem if A and B are self-adjoint operators
bounded from below and if A ≤ B, then µn(A) ≤ µn(B). In this ase if µn(A)→∞
when n →∞ then µn(B) will also tend to innity. This, in turn, means that if A
has a disrete spetrum with a ompat resolvent then B will also have a disrete
spetrum with a ompat resolvent.
Now, we prove a theorem onerning the above dened operator Hl. In what
follow we use DS for disrete spetrum.
Proposition 6. Let
Vl =
∑
1≤Mi≤K
(Xa1M1 . . . X
al
Ml
f ba1...albl+1...bL)
2
with M1 6=M2 6= . . . 6=Ml.
Then the following sequene holds:
Hl has DS ⇒ −∆+
√
Vl has DS ⇒ Hl+1 has DS.
Proof. A. Hl has DS ⇒ −∆+
√
Vl has DS.
Let Gd = Gd(X0) ⊂ RKN be a ball entered at X0 and radius d > 0, let F ∈
Nγ(Gd;Rn). Then X = X0 + ξ for all X in the ell Gd \F . Let ΩF be the set of all
suh ξ. Then the neessary ondition of Theorem 1 implies that
(43) inf
F
∫
ΩF
Vl(X0, ξ) dξ→∞ as |X0| → ∞
We an rewrite the potential as
(44) Vl =
Nl∑
j=1
P 2j (X0, ξ)
where Pj , j = 1, . . . , Nl, are polynomials in ξ with oeients depending on X0.
Using the Gram-Shmidt proess it is possible to rewrite
Pj(X0, ξ) =
nj∑
k=1
ajk(X0)ϕjk(ξ)
where {ϕjk(ξ)} is a nite system of orthonormal polynomials depending on ΩF i.e.,
∫
ΩF
ϕjk(ξ)ϕim(ξ) dξ = δ(j,k)(i,m) (the Kroneker delta).
and ajk(X0) are its orresponding oeients.
Note that for any system {ϕjk} there exists MF > 0 suh that |ϕjk(ξ)| ≤ MF
for all (j, k) and all ξ ∈ ΩF .
Hene
(45)
∫
ΩF
P 2j (X0, ξ) =
nj∑
k=1
a2jk(X0)ΩF =: ‖Pj‖2ΩF and
∫
ΩF
Vl dξ =
∑
j
‖Pj‖2ΩF
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It is possible to hoose N0 ≥ max{Nl, nj : j = 1, . . . , Nl} independent of F , then
using
(
n∑
k=1
ak
)2
≤ n
n∑
k=1
a2k twie, we have P
4
j ≤ N30
nj∑
k=1
a4jkϕ
4
jk(ξ), therefore
∫
ΩF
P 4j dξ ≤ N30
nj∑
k=1
a4jk
∫
ΩF
ϕ4jk(ξ) dξ ≤ N30M2F
nj∑
k=1
a4jk ≤ N30M2F
( nj∑
k=1
a2jk
)2
i.e.
∫
ΩF
P 4j dξ ≤ N30M2F ‖Pj‖4ΩF . Then from this and (44) and (45)
(46)
∫
ΩF
V 2l (X0, ξ) dξ ≤ N40M2F
∑
j
‖Pj‖4ΩF ≤ N40M2F
(∫
ΩF
Vl(X0, ξ) dξ
)2
Beause of V αl ∈ L2(ΩF ) for all α ≥ 0, using Shwarz inequality twie we obtain:
(47)
(∫
ΩF
Vl dξ
)3/2
≤
∫
ΩF
V
1/2
l dξ
(∫
ΩF
V 2l dξ
)1/2
Now using (46) and (47) we have:(∫
ΩF
Vl dξ
)1/2
≤ N20MF
∫
ΩF
V
1/2
l dξ
And from (43) we onluded that
inf
F∈Nγ(Gd;Rn)
MF > 0 and −∆+
√
Vl has DS.
B. −∆+√Vl has DS ⇒ Hl+1 has DS .
Now we show that −∆+ Vl+1 also has a DS using the min-max priniple. We
start with −∆+ Vl+1 and get a bound in terms of −∆+
√
Vl. We rewrite Vl+1 as
Vl+1 =
∑
M1 6=M2 6=...6=Ml+1
(Xa1M1 . . . X
al+1
Ml+1
f ba1...al+1bl+2...bL)(X
aˆ1
M1
. . .X
aˆl+1
Ml+1
f baˆ1...aˆl+1bl+2...bL)
=
∑
M

 ∑
M1 6=M2 6=...6=M
(Xa1M1 . . . X
al
Ml
f ba1...alcbl+2...bL)(X
aˆ1
M1
. . .X aˆlMlf
b
aˆ1...aˆlcˆbl+2...bL)

XcMX cˆM
and notie that it is a sum of harmoni osillator potentials with a matrix oeient
not involving XM . Let ∆M =
N∑
c=0
∂2
(∂XcM )
2
, then for any k, 0 < k < 1, we have
−∆+ Vl+1 = (1− k)(−∆) +
∑
M
[−k∆M+∑
M1 6=...6=Ml 6=M
(Xa1M1 . . .X
al
Ml
f ba1...alc...bL)(X
aˆ1
M1
. . . X aˆlMlf
b
aˆ1...aˆlcˆ...bL
)XcMX
cˆ
M ]
= (1 − k)(−∆) + k
∑
M
(
−∆M + 1
k
A
(M)
ccˆ X
c
MX
cˆ
M
)
(48)
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≥ (1− k)(−∆) +
∑
M
√
k
√
trA(M) ≥ (1− k)
[
−∆+
√
k
(1− k)
√
Vl
]
By hypothesis
√
Vl satises the suient ondition of Theorem 1, then so does√
k
(1−k)
√
Vl, hene the righthand side of (48) has a DS. It implies that −∆ + Vl+1
also has a DS by Theorem 4. So the proposition is proved. 
Remark 7. If −∆+√Vl has DS then −∆+Vl has DS if Vl is loally bounded i.e.,
for all ompat set K there exists MK > 0 suh that Vl(X) ≤ MK for all X ∈ K,
beause of Lemma 3 and(∫
Gd\F
√
Vl dX
)2
≤ Vol(Gd \ F )
∫
Gd\F
√
Vl dX
With the latter proposition proved it is straightforward to show that
Proposition 8. Hl has a disrete spetrum, for all 1 ≤ l ≤ L.
Proof. H1 is the Hamiltonian for a harmoni osillator, it then has a DS. One makes
use of the sequene proved in Proposition 6 to onlude that Hl has a DS. 
To show that the regularizedM5-brane has a disrete spetrum with eigenvalues
tending to innity, we need to prove rst that the p-brane has the maximum of its
eigenvalues going to innity, sine the proof of disreteness is not enough to prove
a ompat resolvent.
Proposition 9. The spetrum of Hl with 1 ≤ l ≤ L has eigenvalues λn satisfying
(49) λn →∞ when n→∞.
Proof. H1 is the Hamiltonian for a harmoni osillator , it has a ompat resolvent,
hene its spetrum satises (49). We now onsider any of the potentials
√
Vl in the
sequene of Proposition 6. Let us denote it V . It is of the form
(50) V (X) =
√
RnW (θˆ) where ‖W (θˆ)‖ = 1
R, θˆ are polar oordinates. We onsider the neighborhood Ωǫ of zeros of W (θˆ), i.e.,
(51) Ωǫ =
{
θˆ : W (θˆ) < ǫ
}
ǫ > 0.
We then dene Vǫ(X) =
√
RnWǫ(θˆ) where
Wǫ(θˆ) = W (θˆ) X ∈ omplement of Ωǫ(52)
Wǫ(θˆ) = ǫ X ∈ Ωǫ.(53)
For any ǫ > 0, Vǫ(X) → ∞ as |X | → ∞, hene the spetrum of Hǫ = −∆+ Vǫ
satisfy (49).
In fat, using the min-max theorem is easy to see that if we dene a Hamiltonian
Hwell = −∆+W , where W is a potential well −c onstant in the region inside a
ball S and 0 outside it. And the ball S is taken in suh a way that Vǫ ≥ c outside
it (this is always possible sine Vǫ(X)→∞ as |X | → ∞) then Vǫ ≥ c+W so that
µn(Hǫ) ≥ c+µn(Hwell). Using the fat that µn(Hwell) ≥ −1 with n ≥ N , for some
N , sine W is a bounded potential of ompat support, we get µn(Hǫ) ≥ c − 1 if
n ≥ N but sine c is arbitrary µn(Hǫ) → ∞ as n → ∞. So, the spetrum of Hǫ
satisfy (49).
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When ǫ→ 0, the spetrum of Hǫ ould beome ontinuous but we already know
from Proposition 6 that it is disrete. It then follows property (49) also for the ase
when ǫ→ 0. 
Proposition 10. The Hamiltonian of the regularized bosoni M5-brane H satises
property (49).
Proof. We have H > H4, from the above propositions H4 has a disrete spetrum
satisfying property (49). Theorem 4 ensures then µn(H) > µn(H4) so the spetrum
of H also satises (49). H has a ompat resolvent in the Hilbert spae obtained
by the ompletion of the subspae generated by its eigenfuntions. 
5. Conlusions
We showed the disreteness of the spetrum of the M5-brane and, in general,
of p-brane theories. The ondition is obtained from the Molhanov, Maz'ya and
Shubin neessary and suient ondition on the potential of a Shrödinger operator
to have a disrete spetrum. The riteria is expressed not in terms of the behaviour
of the potentials at eah point, but by a mean value, on the onguration spae. The
mean value in the sense of Molhanov onsiders the integral of the potential on a
nite region of onguration spae. It an be naturally assoiated to a disretization
of onguration spae in the quantum theory. We found that the mean value in
the diretion of the valleys where the potential is zero, at large distanes in the
onguration spae, is the same as that of a harmoni osillator. Also, using the
min-max priniple it was shown that the disrete spetra had eigenvalues running
to innity showing that their respetive resolvent operators are ompat.
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